J. Fluid Mech. (1969), vol. 36, part 1, pp. 656-73 65

Printed in Great Britain

Wave diffraction in a two-fluid system
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Wave diffraction due to a step change in bottom topography is considered for the
case of two superimposed fluids of different, but constant, densities. The interface
lies below the upper surface of the step. Shallow water theory is shown to be
applicable only if the ratio of a non-dimensional frequency parameter to the
departure of the density ratio from unity is sufficiently small. An approximate
solution of the full equations, obtained by a method applied by Miles (1967) to
surface wave diffraction, yields results limited only by the condition that the
frequency parameter be small.

1. Introduction

It has recently been suggested (Radok, Munk & Isaacs 1967) that the observed
peaking of the incoherent energy of the mid-ocean surface displacement at tidal
frequencies might be due in part to the transmission of deep-sea internal waves
into shallower water as surface waves. An analysis, based upon the shallow water
approximation and the two-fluid model shown in figure 1, indicated that such
transmission can occur. Rattray (1960) has also applied this type of analysis to
the problem of coastal generation of internal tides.

. f ' Region d h
Region a A p=p,) d
(p=02) 1 A Y 7777777777777
X
Region & }3 -
(p=rpp) o

S 77777777777

Figure 1. Schematic of the two-fluid model.

The amplitudes of the incident surface and internal waves arriving from deep
water may be taken as known quantities; the problem is then to solve for the
amplitudes of the transmitted surface wave and reflected surface and internal
waves. Three conditions must be applied at the step in order to obtain a unique
solution. Continuity of surface elevation and continuity of mass flow within each
layer would appear to be a reasonable extension of those conditions applied by
Lamb (1932, §176) to the homogeneous case (Lamb’s results have been shown
by Bartholomeusz (1958) to be the correct asymptotic limits of the exact solu-
tions). On this basis, the analysis yields Lamb’s results for the transmitted and
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reflected surface wave amplitudes, due to an incident surface wave, as the density
ratio (p,/p,) is allowed to approach unity. However, the amplitude of the re-
flected internal wave due to an incident surface wave tends to infinity in this
limit and the same result would hold for the transmitted internal wave if the
interface were to lie above the step.

These fallacious results (which are presented explicitly in § 4) are a consequence
of the conditions applied at the step because only continuity of total mass flow
should be applied as (po,/p,) approaches unity. The above conditions place a
constraint on the problem such that the internal wave amplitude becomes
infinitely large in order to avoid total reflexion of the surface wave. The basic
difficulty, however, lies in the breakdown of the shallow water approximation
as (p,/p,) approaches unity for a fixed, though small, value of the non-dimensional
frequency parameter.

In the present investigation, an approximate solution to the full equations of
motion is obtained which is valid for values of (p,/p,) arbitrarily close to unity.
The method is identical to that applied by Miles (1967, hereafter denoted by M)
to the homogeneous case.

2. Discussion of the eigenvalues

We first discuss the characteristics of the eigenvalues in order to define pre-
cisely the limitations of shallow water theory as well as to obtain necessary
information concerning the standing edge waves which are excited in the vicinity
of the step.

If we define a velocity potential ¢ as

v = Re{e"@V(z, y)}, (2.1)

where V2 =0 (2.2)
within each layer, and if we consider progressive waves of the type

8 = ply) exp (iKz), (2.3)

where K is real, then the exact eigenvalue relation for the region x < 0, as given
by Lamb (1932, §231), is

K2[1—v + coth KH,coth KH,]— K, K[coth KH, + coth KH,] + yK2 = 0, (2.4)
where Ky= K,h = o%hlg, K = Kh, (2.5)
H, = hy/h, H, =hyh (2.6)

and Y = 1= (pa/Ps)- (2.7)

The model is meaningful mainly for K, < 1 and our later results will be restric-
ted to this case. The eigenvalues then depend on the parameter

A7l = K [y*, (2.8)

where y* = yH, H,. We shall consider the depth ratios to be held fixed while K,
and vy vary. The subsecripts (1, 2) denote, respectively, the surface and internal
wave modes. For A of order unity and y* < 1, we find that

K, = K¥1+ E\(3+10) + O(K2). (2.9)
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‘We can now recover the shallow water surface wave results, namely,

K, = K§{1+3y*+0(y*)3, (2.10)
by allowing K, to approach zero for fixed y*, so AK, > K,. On the other hand,
if we allow y* to approach zero for fixed K, (2.9) gives the first-order correction,

for dispersion, to the shallow water result. B
For the internal wave, it is appropriate to expand K, as

K, = (Bofy* Koo+ KoKy + O(K3)). (2.11)
We then find that K, is given by the solution of
Ky = H,H,A-¥coth A\=¥H, K ,,+ coth A3 H, K,,,). (2.12)

The shallow water result is recovered by allowing A to tend to infinity, where-
upon K, tends to unity so that

Ky = (Ko/y*)H{1 +0(y*)}. (2.13)

For shallow water theory to be applicable, K, must be small and so we require

(Ko/y*)? to be much less than unity. Care should clearly be exercised because a
typical value of y for the ocean is 103,

On the other hand, as A tends to zero, we find that K, tends to 2H, H,A-%

so that R, = (2Ko/7) {1+ 0(Ky)}. (2.14)

The results obtained in this limit might be criticized because the two-fluid model
becomes unrealistic for such waves of increasingly short wavelength. Still, the
limit does permit us to obtain the correct continuation of the shallow water
results and to clarify the difficulties associated with those results. For moderate
values of A, H, and H, must first be specified in order to determine K, from (2.12).

A similar approach can be used to discuss the characteristics of the standing
waves which are excited in the vicinity of the step. If in (2.4) we set K = — ik,
where k = kh, we obtain

K31 —y—cotkH,cot kH,]— K k[cot kH, + cot kH,] —vk2 = 0.  (2.15)

We shall consider the special case when %, = mh,, m being an integer >1, in
which case {2.15) can be rewritten as

— - = e - - - k mik
2 i 2 1 T2 g i =
Kicosk+ Koksink+y(K3+k )sm(1 )sm(l ) = 0. (2.16)

For y = 0, the roots are those of
Ky=—ktank (2.17)

and are infinite in number. Furthermore, it is clear that k& approaches a multiple
of m as K, approaches zero. If n is an integer, we find that

k = na[l — (nm)~2 K, + O(K2)]. (2.18)

Now we consider (2.16) and allow K, to approach zero for y small but fixed.
From the last term, we conclude that k approaches (1 +m) (n/m)m and that the
case when (n/m) is integral must be considered separately. If we let

k= (14m) (njm) a1+ Ko(m/nm)? (1 +m)2k+ O(KB)], (2.19)
we find that k= —y1 (2.20)
5-2
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if (n/m) is non-integral. When (n/m) is an integer, however, there are two values

for k, namely, k= —{1+ym/(1+m)+0(2) (2.21)
and k=- (1;;:&)2{1 —ym/[(1+m)2+0(y?)}. (2.22)

These results will be used later when expansion of the transmission coefficients
is made.
For the case when y approaches zero more rapidly than K, say, as an example,

v =9K3, (2.23)

if we let k = na[l + Ky(nm)-2k+ O(K3)], (2.24)
£ PO awi { TN . (mnT

we find that £ 1 +#9(nr)? (cos nar)~tsin (~——~1 +m) sin (1 +m)}’ (2.25)

so that (2.18) is obtained for the special case 9 = 0.

3. Analysis for waves of arbitrary wavelength

Referring to figure 1, we fix the origin of the y co-ordinate at the interface.
For z < 0, the velocity potentials are written as

Ssa, b= . 2]: 2 (Ajeinz + ij e_inI) (Dja, b(y) + E ququ ¢qa, b(y)’ (3 1)
=1, q

where either a or b is to be taken as a subscript.
The boundary conditions are

(08aJo9) —Kofa=0 8t y=h, (3.2)
(R - (Bord) @ v 6
%:% at y=0, (3.4)

_a%, =0 at y=—h, (3.5)

and are satisfied if the K and k, satisfy (2.4) and (2.15), respectively.
Due to the complicated nature of the various functions, they are listed in the
appendix. As defined there, they are orthogonal in the sense that

ha 0 0,9y ‘F}
¥, d V¥, dy = , 3.6
pafo ¢a a y+pb -—hfbb b2Y {1,¢ =Y ( )

where yr or ¥" denotes the eigenfunction associated with any particular progressive
or standing wave.
For z > 0 only a surface wave is possible, and so

B = {4,655 + 4,677} Oy(y) + T Do Goa (9), (3.7)
q
where @,(y) and ¢ ,4(y) are given in the appendix by (A 3) and (A 6), respectively,
and K and the [, satisfy
K, = Kytanh K3h,; = — 1, tanl h,. (3.8)
The functions @4(y) and ¢ 4(y) are orthogonal in the usual sense.
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An approximate solution is now obtained by the variational method used by
Miles. In order to avoid repetition, only a description of the steps is offered here;
the reader is referred to Miles’ paper for further details. The Fourier coefficients
are first expressed in terms of the unknown horizontal component of velocity
at the step, U(y), say, by making use of the orthogonality of the functions.
A second imposed condition is that ¢ must be continuous at x = 0. By defining
the vectors

A ={4,,4, -4y, (3.9)
Ay ={4,, 4, - A3} (3.10)
and P(y) = {010(y); Paay), Pa(y)} (3.11)
these two conditions can be used to define a scattering matrix S by the relation
K(A;—Ap) = —iS(A;+Ayp), (3.12)
where K is the diagonal matrix

K =[6,,K,] (3.13)

We can also define from (3.12) a reflexion-transmission matrix T such that
A =TA,, (3.14)
where T = (K—-8)1(K+:8). (3.15)

The unknown U(y) is expressed as
Uly) = (Ar+ A u(y), (3.16)

as in M (3.8). The elements of S can be defined in terms of variational integrals,
analogous to M (5.2) and defined by (A 13) and (A 14). This fact allows us to
approximate the unknown u,(y). For the surface wave problem, remarkably
accurate results were obtained by substituting

Y) = PnOs(y) (3.17)

and the same approximation will be used here. We then have, from (A 13, 14)
and by use of the orthogonality of ®,(y) and ¢,,(y),

-——1—- = (3.18)

where N, jha y)dy, (3.19)
with Ak = h,—h,4, and

x==Z5 [ bl dy} (3.20)

The full expressions for N,,, m = 1 and 2, and y are given by (A 11) and (A 12);
N, equals p; L.

With these results, the transmission and reflexion coefficients can be computed.
For instance, the elevation of the free surface for x < 0 due to the incident wavesis

Cine = ’iKo‘T'ljz-;a \ o; | A;| exp (K 2 +1y;), (3.21)
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where ¥, is the phase of 4; and
a; = —K;A;Y(K;sinh K;h,— Kcosh K k)2, (3.22)
A; being given by (A 7). The elevation of the interface due to the incident wavesis
Nine = io“ljgi‘,,szA,-‘l |4;] exp (iK ;2 +¢) (3.23)

and the elevation of the free surface due to a wave being transmitted into

region d is & = iKy0 0y A, exp (iK,7), (3.24)

where oy = Aglcosh K hy, (3.25)
A, being given by (A 9). Using (3.14) with 4, = 0, we can measure the trans-

mission of a surface wave incident from the deeper fluid by the impedance factor
Z,, so that

G = Z,(1Kgo ) [Ay| exp (K32 +13r) (3.26)
and 7, = —T(as/ay). (3.27)
The transmission of an incident internal wave is measured by the factor Y,, where
Gir = Y,(iK,/oA,) |A,) exp (i Kgx +1y),) (3.28)
and Y, = —Tgp(ag Ky Ay K). (3.29)

Thus, ir is related to the elevation of the interface due to the incident internal
wave and so Y, would seem to have the greatest interest in view of the comments
made by Radok et al. (1967). However, in view of the discussion given in § 1, it is
desirable to find the relation between the elevation of the free surface due to an
incident surface wave and the elevation of the interface due to reflexion of that
wave as an internal wave. This is measured by the factor ¥, where

Moen = ¥1(iKo00y) | Ay exp (= Ky + i) (3.:30)

and Y, = (Kyja, KogAy) Ty, (3.31)
Due to the complexity of the various quantities, we now concentrate on
finding the results as K, approaches zero. For the homogeneous case, it is known
that the contribution of the standing waves is of order K§. We shall first set x to
be zero (plane wave approximation), discuss the results on the basis of §2 and

then finally consider the validity of this approximation by evaluating y as K,
approaches zero.

4. The plane wave approximation
Upon evaluation of the elements of T, we find that
Ts1==20,M[P, Too=(No/N)Ty, Ty =—-20,NN,K,/K,P, (4.1)
where P = 14 p2{(V3 K,/ Ky) + (N Ky Ky) + ixK ). (4.2)
If we now set y = 0 and evaluate the above expressions for the shallow water
limit (Ky— 0 for y small but fixed), we find that
7y = 21+ HY{L+ By(yHy [ Ho)H + O(y)], (4.3)
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where H; = h;/h,
—Y, = 2[yH,(1+ H) 1+ 0(vh)] (4.4)

and ~ ¥, = 2(H,H,/yH,)} (1 + H). (4.5)

Thus, (4.3) yields Lamb’s (1932, §176) result as y — 0, (4.4) indicates the trans-
mission of a surface wave with amplitude y times the amplitude of an incident
internal wave and (4.5) yields, as y — 0, the singular result discussed in the first
section of this paper.

On the other hand, if y tends to zero for K, small but fixed, we find, after use
of (2.14), that N, vanishes exponentially fast so that (—Z,) approaches the
homogeneous fluid result and Y, and ¥, tend to

Y, = — 3(v¥ Ko Hy) (1 + HY) L exp (- 2K, AH y) (4.6)
and P, = —2(K,H,)t(1+ HY)lexp(—2K,AH/y), (4.7)

where AH = H,— H;. The exponential behaviour can only be predicted by con-
sidering the limits of results obtained on the basis of the full equations of motion.

For intermediate values of (K,/y), we refer to (2.11) and assume that K, is
adequately given by the first term in the expansion. Then expressions for ¥, and
¥,, accurate to the same degree in K, are given by

—2K,sinh K, H,
= TR T YORN (4.8)
(1+H3) H;K}sinh K, H,
and P, = - —4sinh K, H; (4.9)

K,0(K Hy)t (1 + HY)sinh K, H,’
where

6 = (sinh K, H,)~2(H, + 1K 'sinh 2K, H,)
+ K3 %(sinh K, H,)%(K3H,+ }K,sinh 2K, H,). (4.10)

These expressions lead to the shallow water results for (K,/y) < 1 and to (4.6)
and (4.7) for (K,/y) » 1 but K, < L.

5. Discussion of the standing edge wave contribution

We shall now discuss briefly the behaviour of ¥, given by (A 12), in order
to assess its order of magnitude. For the case (K,/y) > 1, little needs to be said
because, for the homogeneous case, it is known that the effect upon the trans-
mission coefficients is of O(K%). Thus, the results (4.6-4.7) still hold, except that
the error term is of O(K%). On the other hand, the case (K,/y) < 1 is not settled
directly because the distribution of eigenvalues is quite different from the
homogeneous case (cf. §2).

We first consider the case when K approaches zero but, using the terminology
of §2, (n/m) is not an integer. We note that

m
+m

sink kb, = sin (1 ) k, ~ O(K,ly). (5.1)
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The resulting singularity in (A )2 (cf. A 8) will cause y to be at least of O(K32/y%).
We therefore conclude that the major contribution to y as K,~ 0 must come
from those eigenvalues for which (n/m) is an integer say, »’, so that

. .k -
sin kb, = sin (1 +"m) ~ O(K,ofy), (5.2)

which results in the cancellation of the singularity in (A7)2. Using the results
given by (2.21) and (2.22), it is found, after some algebra, that as K, approaches

Z6T0 we can write PR,y =— QK%H‘;%HG—I Z F., (5.3)
sin?{(1 +m)n'mH;} (1+m (1+ ) 2}
)= 5.
where F, (L+m) ()P { m TV ) T O(y?) (5.4)

Therefore the correction to the shallow water results is of O(K o) if the series in
(8.3) is convergent. But we can say that, if terms of 0( %) are neglected,

NE,<C (~> < OJ 2 (5.5)
1 1+m 1+ m?
where C = m {T"‘Y (m+m2)}- (5.6)

The series is therefore convergent.

I am indebted to J. W. Miles and W. H. Munk for suggesting the problem. The
work was partly completed while the author was at the Institute of Geophysics
and Planetary Physics, La Jolla, where his research was sponsored by the
National Science Foundation (GP 2414) and the Office of Naval Research
(Nonr-2216 (29)).

Appendix
The following quantities are used in the text.
K, sinh K;(h,—y)— K; cosh K (h,—y)

D;,(y) = A, (K;sinh K;h,— K cosh K, h,) .
cosh K;(hy+y) .
®0®) =X Gnhky, UlorY o
Dy(y) = Astecosh Ky(y—Ah) (k= h,—hy). (A9
_ kycos kglh,—y) — Kosin ky(h, — y)
Paalt) = A, ) (kgsin b hy+ Ko cos hyhy) (Ad)
_cosky(hy+y)
ol¥) = =Ry sin b hy' 7
Baaly) = (A7) cosl(y—Ah). o

A2 % cosh?K; (}Lb+J)d +p J‘ha K,ysinh Kb, —y)— K; cosh K;(k, —y) 2d
1= Pe) _,,  sinh®K;h, K;sinh K;h,— K,cosh K ; I, y

_ P {}L +smh 2thb}

~ 2sinh? Kk, | ° 2K;

_ Pa {(K%—K?) ho— Ko+ Kycosh 2K b, — }K; YK+ K?) sinh2tha} (A7)
2 (K;sinh K;h,— K,cosh K ;h,)? '
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0 cos?k,(hy,+ ha[ ke, cosk,(h,—y) — Kosin k,(h,— y)1?
(Aq_)2 =pbf . Sinzq(k bhb y) dy+paf0 [ q q( y) 0 q( }/)] dy
—h A

kysink, h,+ Ky cos kyh,
_ o +sin2kqhb}
T 2sin?k,hy, 2k,
4 Pa (K2+ k2 hy— Ko+ Ky cosh 2k b, + 3oy 1 (k2 — K%)sin2kqha} (A8
o (kysink h,+ K, cosk,h,)? ' )
ha
A3 =1p,ihg+ -1—sinh 2K byt = p, | cosh® K (y—Ah)dy. (A9)
a 2K, Ah
ha
(A2 = p, f cos?l, (y — Ah) dy = %pa{hd sin 21 hd} (A 10)
2 A ¢ 2,
{K?, sinh Kk, — K, sinh K, h;— Ko cosh Ky,
. K; + Kycosh K k).
. = = . -1 J 0 i7d
N(G=1,2) = (4;4,) (Kg_KZ) K,sinh Kb, — K,cosh K I, }
(A11)
3 = 5 FalBaAg)"2 (Eysinh Koy + kysin kghy — Kycosh Kyl + Ko cos kqhd}z.
¢ (B2+K3)? k,sink,h,+ Kqcosk,h,
(A12)
ha
1 ) f uny) dy dE
= (A13)
"™ paf . 0 dyf @) UnlE)dE
Gy, ) = —Pan{lq1¢qd Y) Paal8) + kg b ya(y) P ya(£)}- (Al4)
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